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Abstract 
It is shown that the space C(X) of all continuous real-valued functions with the compact-open 
topology has the property (db) iff X is a p-space and a To-space. As a consequence C(X) has 
the property (db) iff C(X) is Baire-like answering a question in the literature. Generalizations to 
the topology of bounded convergence are given. 0 1999 Elsevier Science B.V. All rights reserved. 
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Introduction 
Let Ck(X) denote the space of all continuous real-valued functions on a completely 
regular space X, endowed with the compact-open topology. A classical result of Nachbin 
and Shirota asserts that Ck(X) is barreled if and only if each closed bounded set in X 
(i.e., a set on which each f E Ck(X) is bounded) is compact. 
The main result of this paper is the following closely related theorem: For Ck(X) the 
following conditions are equivalent: 
(db) if Ck (X) is a union of a sequence of linear subspaces Et c E2 c . . then some 
E, is dense and barreled, 
(*) closed bounded subsets of X are compact and for each decreasing sequence 
A, >A2 >... of closed unbounded sets in X there exists f E Ck (X) unbounded 
on every A,. 
The class of linear topological spaces with the property (db) was considered by several 
authors and the theorem answers a question of A. Todd providing a topological description 
of spaces X with C,(X) having property (db). It is known that a locally convex vector 
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space has property (db) if and only if for each sequence of absolutely convex subsets 
B, with E = Un,mENmBn and B, c r,B,+i for suitable T, > 0 the closure of some 
B, is a neighborhood of zero, see [ 131. Related to db-spaces are a-spaces introduced 
by W. Roelcke: a locally convex vector space E has property (cu) if for each increasing 
sequence (Bn& of absolutely convex closed subsets of E with E = /JnEN B, some 
B, is absorbing. As pointed out in [13] db-spaces are always barreled a-spaces and the 
converse is in general not true. However, the above description also shows that Ck(X) 
has property (db) iff Ck(X) is a barreled o-space. Barelled o-spaces are also called 
Baire-like in the literature and it is easy to see that E is Baire-like iff E is not the 
union of an increasing sequence of nowhere dense absolutely convex sets. Baire-like 
properties of locally convex vector spaces have been studied extensively in the literature, 
cf. [8,10,11,13-151. 
Throughout the paper we assume that X is a completely regular Hausdorff space. The 
closure of a subset B will be denoted by B. The topology of pointwise convergence 
is denoted by TV. More general, let y be a system of closed, bounded subsets of the 
topological space X with X = UC,, C. The topology induced by the semi-norms 
11. llc, C E Y, defined by llfllc = su~W(~)l: z 6 C> is called the topology of uniform 
convergence on the sets C E y. Without effecting the topology one can assume that y 
is closed under$nite unions which will be always assumed. The dual space of Ck(X) 
is denoted by Ck(X)‘, Finally C’(X) denotes the subset of all bounded functions of 
C(X). 
1. When is C(X) a db-space? 
Let ‘p: C(X) --t IR be a linear functional. A closed subset A of X is called a set of 
support of ‘p if f IA = 0 implies ‘p( f ) = 0 f or all f E C(X). It is very easy to see that 
this property is equivalent to: fJA = glA implies p(f) = cp(g) for all f,g E C(X). 
Note that X is always a set of support. If there exists a smallest closed set of support 
this set is called the support of ‘p which will be denoted by supp cp. It is well known 
that each cp E Ck(X)’ has a support, see, e.g., [lo]. The following result follows by a 
straightforward modification of the proof on p. 235 in [7] where only the case H, equal 
to H is considered. 
Theorem 1.1. Let II, c Ck(X)’ f or n E N and sn E JR for n E N. Zf there exists 
g E C(X) which is unbounded on each set S, := UPEH, supp cp then there exist 
f E C(X), nk E N and conk E IT,, with qnk (f) = snk for all k E N. 
Proposition 1.2. Let B be a closed convex subset of Ck(X) and B” = {$ E 
ck(x)‘: ‘$(z) < 1 f or all 5 E B}. If {f E C*(X): Ilf - foljx < &} c B for 
some fo E C*(X) and E > 0 then 
f E C(X): If(~) - fo(~)I G f E or all 2 E S := u suppcp c B. (1) 
VpEBO 
H. Render / Topology and its Applications 92 (1999) 101-106 103 
Proof. Suppose that (1) does not hold. Then there exists f E C(X) with If(z) - fa(z) 1 6 
E for all 5 E S but f $ B. By the Hahn-Banach Theorem there exists ‘p E Ck(X)’ 
and (2 E JR with p(z) < cu < p(f) f or all 5 E B. For E > 0 define a,(t) = t for 
ltl 6 E and aE(t) = E for t 3 E and aE(t) = --E for t 6 --E. For g := f - fe we 
have 4s) = P( uE o g) since ae o g/ 5’ = glS and S is a set of support of cp since 
rep E B” for small r > 0. On the other side a, o g $ fa E B by our assumption. Hence 
p(uE 0 g + fe) < p(f) = cp(g + fa), a contradiction. 0 
A topological space is a p-space if each closed bounded subset is compact. In [lo] 
W. Lehner has called a space X a -rcr-space if for each decreasing sequence of unbounded 
sets B, there exists f E C(X) being unbounded on all sets B,. In this terminology our 
main result states that Ck(X) has the property (db) if and only if X is a p-space and a 
ra-space. 
Theorem 1.3. Let y be a system of compact subsets of X with X = UC,, C. Then the 
following statements are equivalent: 
(a) C(X) has property (db) with respect to T-,. 
(b) C(X) is a barreled a-space with respect to r+ 
(c) Each bounded subset of X is contained in some B E y and X is a rcr-space. 
Proof. (a) + (b) is always true. For (b) + (c) let B be a bounded subset of X. Then 
it is easy to see that the set 
M := {f E C(X): If(z)] 6 1 for all z E B} 
is a barrel. Since Ck(X) is barreled there exists C E y and E > 0 such that {f E 
C(X): If(z)I < F for all 2 E C} is contained in M. By complete regularity we infer 
B c C and the first statement of (c) is proved. Let now (Bk)kfW be a decreasing 
sequence of unbounded subsets in X. Put 
Dk := {f E C(X): If(Z)1 6 k for all % E &}. 
Then Dk is absolutely convex and closed (since r 3 rP) and obviously DI, C Dk+ I. 
Suppose that for every f E C(X) there exists n E N such that f(B,) is bounded. Let 
us show that C(X) = UT=“=, Dk, Let f E C(X). S’ mce f(&) is bounded there exists 
k E N such that /f(z) 1 < k for all (1: E B,. Clearly one can assume that k 2 n. Then 
Bk C B, and we obtain f E Dk which shows the last claim. By property ((Y) there exists 
k~ such that C(X) = Ur!“=, r&. But this means that for each f E C(X) there exists 
r E N such that If(a~)i 6 T/Q, for all 2 E Bko, i.e., that BkO is bounded, a contradiction. 
For (c) + (a) let B, be absolutely convex subsets of C(X) with C(X) = Un,mEW mB, 
and B, c r,B,+, . Putting S, := rl . . . T, we obtain B, c smB, for m 3 n. Define 
Bi := {(p E C(X)‘: p(z) 6 1 for all 2 E Bn} and 
82 = u suppcp. 
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Since B,, c r, B,+ 1 it is easy to see that S n+r C S,. Using our assumption of a rtr-space 
we claim that there exists no E N such that S,, is bounded. Clearly then S, is bounded 
for all n 3 no since S,+l C S,. Suppose now that each S, is unbounded. By assumption 
(c) we infer that there exists g E C(X) which is unbounded on all sets S,, n E RI. By 
Theorem 1.1, there exist f E C(X) and pni f B.& with (am, = QS,~ + 1. On the 
other side there exist mo,no E W with f E VQB~,,. Choose nk > max{ma, no}. Then 
f E n~o&,, C ‘nkSn,BT,, and pTLk(f) 6 nks,, (since pnk E B&J, a contradiction. - 
We now proceed to the heart of the proof: Since B,, n C*(X) is a closed subset of the 
complete metric space C*(X) (endowed with the supremums norm) there exist ,fo E 
C*(X), nt E N and E > 0 such that 
{f E C*(X): Ilf - foil < E} C B,,. (2) 
Since B,, c rnBn+, we can assume that (2) holds for some ni > no by making E small 
enough. By Proposition 1.2 the set 
U := {f E C(X): if(~) - fo(~)I < E for all z E Sn, } 
is contained in B,, . Since S,, is bounded our assumption implies that it is contained in 
-. 
some B E y. It follows that U is a neighborhood of fo. Since B,, IS absolutely convex 
it is a neighborhood of zero as well. 0 
According to [ 131 a locally convex vector space E has the property (b) if the following 
condition is satisfied: If B, are closed absolutely convex sets with E = Un,mtN mB, 
and B, c r,B,+, for suitable ‘r, > 0 then some B, is absorbing. Clearly property (db) 
implies property (b) which is stronger than (a). The equivalence of (b) and (c) of the 
next theorem is due to W. Lehner, the equivalence of (a) and (c) to A. Todd. 
Theorem 1.4. Ler T be c1 topotogy on C(X) with ‘$ c 7 c Tk. Then the fdto,,+g 
statements are equivalent: 
(a) c’(X) is a b-space with respect to 7. 
(b) C(X) is a cy-space with respect to r. 
(c) X is a rcu-space. 
Proof. (a) =+ (b) is always true. For (b) + (c) proceed as in the last proof. For (c) + 
(a) let B, be closed convex subsets of C(X) with C(X) = Un,mENmBn and & c 
T, B,+, . As in the last proof it follows that U is contained in B,, and that S,, is 
bounded. The latter property implies that B,, is absorbing. 0 
The following version of the Nachbin-Shirota Theorem for a set-open topology 7; 
can be deduced in the same way. We remark that in [7, p. 2351 this is formulated only 
for r? = rp and rT = rk. 
Theorem 1.5. Let y be a system of compact subsets of X with X = UC,, C. Then 
C(X) is barreled with respect to r-, if and only if each bounded subset is contained in 
some c’ E y. 
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Proof. For the necessity see (a) + (b) in the proof of Theorem 1.3. For sufficiency let 
B be a barrel. Put B, := nB and proceed as in the proof of Theorem 1.3 obtaining 
some n1 E N such that B,, is a neighborhood of zero. Since B,, = 7~1 B we infer that 
B is a neighborhood of zero. 0 
2. The topology of bounded convergence 
The topology q, of bounded convergence was considered by several authors, cf. 
[2,9,10]. W. Lehner has raised the question of whether Cb(X) (the space C(X) en- 
dowed with 76) is an o-space provided that X is a rev-space. In the following we give a 
characterization for Cb(X) being an o-space. For this we need the definition of the dual 
space X” introduced by H. Buchwalter in [2], namely 
X” := 
U 
pc. 
(3) 
BC X bounded 
Here 71X denotes the realcompactification of X. The dual space X” is contained in the 
p-compactification p(X) c U(X) and the inclusion is in general strict, cf. [1,5]. It is easy 
to see that X = X” iff X is a p-space. It follows from Theorem 2.2 that the question 
of W. Lehner is equivalent to the statement: X is To-space + X” is rcr-space (note 
that the converse is always true). The statement itself seems not very likely although the 
author was not able to find a counterexample, cf. also Theorem 2.5. 
For any space Y with X c Y c UX the map R: C(Y) + C(X) defined by f H f/X 
is a bijection. Hence we can consider the space C(Y) instead of C(X). In order to apply 
the results of Section 1 to the topology of bounded convergence it is necessary to replace 
the bounded sets B by compact sets. At a first glance it seems that we can take any 
space Y between X” and VX because a is compact in X” for any bounded subset B 
of X. But the requirement that the topology r should contain rP leads to the dual space 
as a natural candidate. We summarize these facts: 
Proposition 2.1. Let X c Y c VX and y be a system of closed bounded subsets of X. 
Let y(Y) := {B’: B E r}. Then C(X) endowed with 7r is homeomorphic to C(Y) 
endowed with r?(y). If X” c Y then each By is compact. If Y c X” then rT(y) 
contains the topology of pointwise convergence. 
Theorem 2.2. Cb(X) is an a-space iff X” is a rcu-space. 
Proof. Apply Theorem 1.4 to the space C(X”) endowed with the topology induced by 
y = {BX”: B c X is bounded subset of X}. 0 
In the same fashion we obtain the following result of Buchwalter (Corollary 9 in [2]) 
from Theorem 1.5. Further Theorem 2.4 follows from Theorem 1.3. 
Theorem 2.3. C,(X) is barreled IJT each bounded subset of X” is contained in the 
closure of a bounded subset of X. 
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Theorem 2.4. Cb (X) IS a db-space iff X” is a r&-space and each bounded subset C$ 
X” is contained in the closure of a bounded subset of X. 
Bi-k-spaces are biquotient images of paracompact M-spaces. Further equivalent for- 
mulations can be found in [12]. For completeness we mention the following result. 
Theorem 2.5. Suppose that u(X) is a bi-k-space. Then the following statements are 
equivalent: 
(a) UX is locally compact. 
(b) ZJX is a TQ-space. 
(c) X” is a TV-space. 
(d) X is a r,-space. 
Proof. For (a) + (b) see Satz IV 2.2 in [lo] or Theorem 9.8 in [12]. The implications 
(b) =S (c) =+ (d) are always true. The equivalence of (a) and (d) follows from the remark 
in [12] before Theorem 9.7 saying that VX is locally compact iff X is a To-space and 
wX is a bi-k-space. 0 
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